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Abstract. We discuss minisuperspace models within the framework of varying physical con-
stants theories including Λ-term. In particular, we consider the varying speed of light (VSL)
theory and varying gravitational constant theory (VG) using the speciﬁc ansa¨tze for the vari-
ability of constants: c(a) = c0a
n and G(a) = G0a
q. We ﬁnd that most of the varying c and G
minisuperspace potentials are of the tunneling type which allows to use WKB approximation
of quantum mechanics. Using this method we show that the probability of tunneling of the
universe “from nothing” (a = 0) to a Friedmann geometry with the scale factor at is large
for growing c models and is strongly suppressed for diminishing c models. As for G varying,
the probability of tunneling is large for G diminishing, while it is small for G increasing.
In general, both varying c and G change the probability of tunneling in comparison to the
standard matter content (cosmological term, dust, radiation) universe models.
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1 Introduction
The early idea of variation of physical constants [1–7] has been established widely in physics
both theoretically and experimentally [8]. The gravitational constant G, the charge of elec-
tron e, the velocity of light c, the proton to electron mass ratio µ = mp/me, and the ﬁne
structure constant α = e2/~c, where ~ is the Planck constant, may vary in time and space [9].
The earliest and best-known framework for varying G theories has been Brans-Dicke the-
ory [10]. Nowadays, the most popular theories which admit physical constants variation are
the varying α theories [11, 12], varying gravitational constant G theories [13, 14], and the
varying speed of light c theories [15–17] (see also a critical discussion on the meaning of the
variation of c in ref. [18]). The latter theory allows the solution of the standard cosmological
problems such as the horizon problem, the ﬂatness problem, the Λ-problem, and has recently
been proposed to solve the singularity problem [19]. All these considerations were devoted
to classical varying constants cosmology.
The ﬁrst attempt of varying constants quantum cosmology was given in ref. [20] in which
both c and G as well as the cosmological constant Λ were considered to change. The prob-
ability of tunneling from nothing to a de Sitter phase was calculated — though under some
speciﬁc assumption related to the energy conservation equation. In ref. [21] only variability
of c was taken into account. The claim was that the probability of tunneling was largest for
a constant value of the speed of light. However, the result was obtained under admitting the
decrease of the speed of light only which was based on the previous observations [22, 23].
Nowadays, both options — the decrease and increase of c are reported [24, 25], so that one
should not restrict oneself to such a case only. In fact, for speed of light increasing, the
probability of tunneling is monotonically increasing either and no maximum appears. In yet
another ref. [26] more minisuperspace models for varying c were discussed, but with some
restrictive assumption related to matter content.
Our paper is organized as follows. In section 2 we formulate the basics of the classical
varying c and varying G theories which generalize Einstein’s general relativity. In section 3 we
obtain minisuperspace Wheeler-DeWitt equation starting from generalized Einstein-Hilbert
action of general relativity. In section 4 we derive the probability of tunneling for varying
constants cosmology using special ansatz for the variability of the speed of light c(a) = c0a
n
and gravitational constant G(a) = G0a
q, where a is the scale factor and c0, G0, n and q are
constants. In section 5 we give our conclusions.
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2 Classical varying constants cosmology
Following ref. [13–17], we consider the Friedmann universes within the framework of varying
speed of light theories (VSL) and varying gravitational (VG) constant theories. The ﬁeld
equations read as
̺(t) =
3
8πG(t)
(
a˙2
a2
+
kc2(t)
a2
)
, (2.1)
p(t) = − c
2(t)
8πG(t)
(
2
a¨
a
+
a˙2
a2
+
kc2(t)
a2
)
, (2.2)
and the energy-momentum conservation law is
˙̺(t) + 3
a˙
a
(
̺(t) +
p(t)
c2(t)
)
= −̺(t)G˙(t)
G(t)
+ 3
kc(t)c˙(t)
4πGa2
. (2.3)
Here a ≡ a(t) is the scale factor, p is the pressure, ̺ is the mass density, the dot means the
derivative with respect to the cosmic time t, G = G(t) is time-varying gravitational constant,
c = c(t) is time-varying speed of light, and the curvature index k = 0,±1. Further, it will
also be useful to apply the energy density which is ε = ̺c2.
If one adds the Λ-term to the equations (2.1)–(2.3), and introduces the vacuum mass
density
̺Λ(t) =
Λc2(t)
8πG(t)
(Λ = const.) (2.4)
with
pΛ(t) = −̺Λ(t)c2, (2.5)
then one has to replace ̺ → ̺ + ̺Λ, p → p + pΛ in (2.1)–(2.2) and ˙̺ → ˙̺ + ˙̺Λ in (2.3)
to obtain
˙̺ + 3
a˙
a
(
̺+
p
c2(t)
)
+ ̺
G˙(t)
G(t)
=
(
3k − Λa2)
4πG(t)a2
c(t)c˙(t). (2.6)
It is worth noting that the term (Λc2G˙)/(8πG2) was canceled on both sides of the equa-
tion (2.6). This diﬀers from the derivation presented in the ﬁrst paper of ref. [13, 14] where
this term shows up included into the term ˙̺Λ of its eq. (9). Another point is that the ﬁeld
equations (2.1)–(2.3) and (2.6) have been obtained from the variational principle which ap-
plies in some preferred (minimally coupled) frame in which neither new terms in the Einstein
equations nor dynamical equations for c and G treated as scalar ﬁelds have been introduced.
Though this approach is more disputable for c−varying models (cf. ref. [18]), it has a ﬁrm
counterpart basis for G−varying universes within the framework of Brans-Dicke theory [10].
However, the appropriate ﬁeld equations diﬀer from ours (2.3) and (2.6) in this approach —
they do not allow for G-varying term ̺G˙/G. Instead, G is replaced by a ﬁeld φ ∼ 1/G in
the ﬁeld equations which are also appended by the dynamical equation for φ (see eqs. (32)–
(35) in ref. [13, 14]). In our paper we will study quantum cosmology models in the above
mentioned minimal coupling approach leaving the matter of a fully dunamical treatment of
both c and G ﬁelds for a separate work [28]. A deeper discussion of particular choices of the
varying speed of light theories in the context of deriving them from some actions using the
standard variational principle was given in ref. [18].
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It is also worth noticing that the conservation equation (2.6) in ref. [21] contains some
typos — its eq. (18) does not contain the term −Λcc˙/4πG on the right-hand side and also
a˙/a should be replaced by c˙/c in the last term (with the curvature index K).
The conservation equation (2.6) is solved by
̺(a) =
C
a3(w+1)+q
+
3c20n
4πG0
(
k
2n+ 3w + 1
− Λ
3
a2
2n+ 3w + 3
)
a2(n−1)−q, (2.7)
where C =const.
In this paper we will follow the ansatz for the speed of light given in ref. [16, 17], i.e.,
c(t) = c0a
n(t) , (2.8)
with the constant speed of light limit n → 0 giving c(t) → c0. A better ansatz which gives
c0 the interpretation of the current value of the speed of light is c(t) = c0(a/a0)
n, where a0
is the current value of the scale factor. However, most of the papers nowadays normalize the
present value of the scale factor to a0 = 1, and so we have the same result quantitatively.
The ansatz for varying gravitational constant will be [13, 14]
G(t) = G0a
q(t) . (2.9)
Another important point is (see also the full discussion in ref. [27]) that the derivation of
eqs. (2.1)–(2.3) requires the usage of the coordinate x0 = ct rather than solely the coordinate
t. This is because c = c(t) and taking for example partial derivatives of the type ∂/∂x0 =
∂/∂c(t)t would be problematic. Instead we use x0 replacing it by c(t)t after performing all
the diﬀerentiations.
3 Varying constants quantum cosmology
Classical cosmology of varying c and G theories have been studied widely and now we concen-
trate on quantizing it. The simplest quantization approach known as canonical quantization
of gravity was proposed by DeWitt [29] and Wheeler [30] and we follow the procedure. In
order to get quantum Wheeler-deWitt equation we start with the Einstein-Hilbert action as
in standard refs. [31, 32] in the form
Sg =
∫
M
d4x
√−g (4)R c
3
16πG
(3.1)
where in general c and G may vary as c = c(xµ) and G = G(xµ), where xµ = (x0, x1, x2, x3)
and x0 = ct. The action has dimension J · s, the Ricci scalar [R] = m−2, [G] = Nm2kg−2,
and the dimension of d4x
√−g should be the 4-volume i.e. m4. In ref. [20] (and in many
other papers — among them in [13, 14, 16, 17]) the action (3.1) contains c4 term instead of
c3. This is due to the fact that the authors there considered the coordinate x0 = t and not
x0 = ct which can be concluded from eq. (9) of ref. [20] in which explicit dependence on c
was given.
In our approach we take the Friedmann metric
ds2F = −(dx0)2 + a2(x0)[dχ2 + S2(χ)dΩ2] , (3.2)
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where
S(χ) =


sinχ, k=+1,
χ, k= 0,
shχ, k= -1
(3.3)
so that the dimension of [d4xF = dx
0dx1dx2dx3] = m, since the coordinates x1 = χ, x2 = θ,
x3 = φ are dimensionless and [
√−gF ] = m3. This all gives [d4x
√−gF ] = m4, so that the
action (3.1), as it stands, has the right dimension J · s.
According to refs. [31, 32] the matter action reads as
Sm =
∫
M
Lm
√−gd4x = −
∫
M
ρc
√−gd4x , (3.4)
where ̺ is the matter density, and the variation of (3.1) and (3.4) is
δSg
δgαβ
= − c
3
16πG
Eαβ , (3.5)
δSm
δgαβ
=
1
2c
Tαβ , (3.6)
which gives the Einstein equations in the form
Eαβ = Rαβ − 1
2
gαβR =
8πG
c4
Tαβ . (3.7)
Although some authors [33] use diﬀerent methods, we add Gibbons-Hawking boundary term
SGH =
∫
∂M
d3x
√
hK
c3
8πG
, (3.8)
where h is the determinant of a 3-metric, K is extrinsic curvature (Kµν =
1
2hµν,0, K11 =
K22 = K33 = a,0 a,K = Kµνg
µν = 3a,0 /a, [a,0 ] = 1, [K] = m
−1 and [d3xK] = m3) and the
dimension of (3.8) is also J · s. As for the Einstein equations (3.7) we have the dimensions[
c4
G
]
= N, [Tα
β ] =
J
m3
and for the perfect ﬂuid
Tα
β =
(
̺c2 + p
)
UµU
ν + pδνµ (3.9)
we have [δβαR] = m−2, [(8πG/c4)Tα
β ] = m−2 as it should be. For the matter in terms of the
cosmological constant we have
SΛ = −
∫
M
2Λc3
16πG
√−gd4x. (3.10)
For the Friedmann metric (3.2) we obtain
√−g = a3(x0)S2(χ) sin θ,√
h = a3(x0)S2(χ) sin θ,
(4)R =
6
a2
(
k + a2,0+aa,00
)
, (3.11)
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and so ∫
M
d4x
√−g =
∫
a3(x0)dx0
∫
S2(χ) sin θ dχdθdφ = V3
∫
a3(x0)dx0, (3.12)
where the we have deﬁned the volume factor
V3 =
∫
M
S2(χ) sin θdχdθdφ. (3.13)
Obviously, for k = +1 we have
V3 =
pi∫
0
dχ
pi∫
0
dθ
2pi∫
0
dφ sinχ sin θ = 2π2,
while for k = 0,−1 we need a cut-oﬀ of the volume to have it ﬁnite. The gravitational
action (3.1) with the help of (3.11)–(3.13) is given by
Sg =
V3
16π
∫
dx0a3(x0)
c3
G
[
6
a2(x0)
(
k + a2,0+aa,00
)]
(3.14)
and the boundary term is obtained as
SGH = − 3
8π
∫
∂M
dx0a3(x0)
c3
G
a,0 (x
0)
a(x0)
S(χ) sin θ
= − 3
8π
∫
M
∂
∂x0
(
a,0 a
2
) c3
G
S(χ) sin θd4x (3.15)
In fact, we vary the action in the special frame where c and G are constant while in the other
frames they vary yielding the extra terms with the derivatives (cf. the discussion of ref. [18]
about the proper usage of the variational principle for varying speed of light cosmology).
For the cosmological term we have:
SΛ = −3V3
8π
∫
Λc3
3G
a3(x0)dx0, (3.16)
while for the matter term:
Sm = −
∫
̺(x0)c
√−gdx0 = −V3
∫
̺(x0)ca3(x0)dx0. (3.17)
Collecting all the terms (3.14)–(3.17) we have the total action and apply the variability of c
and G here
S = Sg + SGH + SΛ + Sm =
3V3
8π
∫
dx0
c3(x0)
G(x0)
[
ka− a,20 a−
Λ
3
a3 − 8πG(x
0)
3c2
̺a3
]
. (3.18)
According to (3.18) the Lagrangian reads as
L =
3V3c
3(x0)
8πG(x0)
(
ka− a,20 a−
Λ
3
a3 − 8πG(x
0)
3c2
̺a3
)
(3.19)
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so that the conjugate momentum is [29])
pa =
∂L
∂a,0
= −3V3c
3
4πG
aa,0 (3.20)
and the Hamiltonian reads as
H = paa,0−L = − 2πG(x
0)
3V3c3(x0)a
p2a −
3V3c
3(x0)
8πG(x0)
ka+
V3c
3(x0)
8πG(x0)
Λa3 + V3̺c(x
0)a3. (3.21)
In order to quantize (3.21) we replace pa for the operator
pa → −iℏ ∂
∂a
, (3.22)
and choosing the simplest factor ordering [34] we have Wheeler-DeWitt equation in the form
[
ℏ
2 ∂
2
∂a2
− U(a)
]
Ψ(a) = 0, (3.23)
where the minisuperspace (only one-dimensional with scale factor a as variable) potential
reads as
U(a) =
(
3V3c
2(a)a
4πG(a)
)2 [
kc2(a)− Λ
3
a2c2(a)− 8πG(a)
3
̺(a)a2
]
. (3.24)
In (3.24) we replaced the dependence of c and G on time x0 = ct by the dependence on
the scale factor, since in the minisuperspace there is no classical time and the role of the
“time” parameter can be played by the scale factor a [29, 35]. After imposing the barotropic
equation of state p = w̺c2 with w = const. and using the ansa¨tze (2.8) and (2.9) we have
U(a) =
(
3V3c
2
0a
2n+1−q
4πG0
)2(
kc20a
2n − Λ
3
c20a
2n+2 − 8πG0
3
a2+q̺(a)
)
, (3.25)
and after inserting (2.7) to the potential (3.25), one has
U(a) = K20a
2(3n+1−q)
(
3w + 1
2n+ 3w + 1
k − Λ(w + 1)
2n+ 3(w + 1)
a2 − 8πG0
3c20
C
a3w+1+2n
)
, (3.26)
where we have deﬁned
K0 =
3V3c
3
0
4πG0
. (3.27)
It is easy to notice that (3.26) gives eq. (7) of ref. [41] for n = q = 0 and V3 = 2π
2.
Assuming that C = 0 in which case the dependence of the minisuperspace potential on the
matter content is only due to dissipative term on the right-hand side of the conservation
equation (2.6) related to variability of c and vanishes if n = 0. Under this assumption the
potential (3.26) reads as
U(a) = K20a
2(3n+1−q)
(
(3w + 1)k
2n+ 3w + 1
− Λ(w + 1)a
2
2n+ 3(w + 1)
)
, (3.28)
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and it has zeros at a = 0 as well as at
at =
√
k(3w + 1)[2n+ 3(w + 1)]
Λ(w + 1)(2n+ 3w + 1)
(3.29)
provided at is a real number. For radiation (w = 1/3) we recover the eq. (67) of ref. [21]. In
ref. [20] the shape of the potential diﬀers from ours. The point is that in this reference the
conservation equation (2.6) was not integrated explicitly. Instead, a speciﬁc ansatz for the
mass density ̺ = ̺0a
n similar to our ansa¨tze for c and G in (2.8)–(2.9) was assumed and
checked by the conservation equation for consistency. This diﬀers from our approach.
In ﬁgures 1 and 2 the plots for the minisuperspace potential (3.28) for Λ = 1 are given.
All of them are of the tunneling type. Both varying c and varying G potentials are not as
steep near to the a = 0 as in the standard potential with the cosmological term only, as
given in refs. [36, 37]. The height of the barrier is larger than in the standard case for dust
(w = 0) varying G models (cf. ﬁgure 1), while it is higher for both varying c and varying G
for radiation (w = 1/3) models. We have checked that the same is true for stiﬀ-ﬂuid models.
In ﬁgures 3 and 4 the plots for the minisuperspace potential (3.26) for C 6= 0 and Λ = 1
models are shown. For dust w = 0 models (cf. ﬁgure 3) most of them are of the tunneling
type except for varying c models for which the potential is of the scattering type (there is no
classically forbidden region for U > 0). For radiation w = 1/3 models (cf. ﬁgure 4) there is
an extra classically allowed region between a = 0 and some a = amax for the potential which
allows oscillations (the universe starts from a singularity expands and reaches maximum,
then recollapses) as well as the asymptotic expansion from some ab to inﬁnity (starts from
a ﬁnite size and then expands forever). This implies a possibility for the universe to tunnel
at the maximum expansion point to an asymptotic regime (compare refs. [39–45] where the
tunneling is possible to an oscillating regime). For a standard pure radiation and Λ model
there is also a classically allowed region near a = 0.
4 Quantum tunneling in varying constants cosmology
Now, we use the WKB method [36, 37] to calculate the probability of tunneling of the universe
“from nothing” (a = 0) to a Friedmann geometry with a = at which reads as
P ≃ exp

−2
ℏ
at∫
0
√
2(E − U(a))da


= exp

−2K0
ℏ
at∫
0
a3n+1−q
(
Λ(w + 1)
2n+ 3(w + 1)
a2 − 3w + 1
2n+ 3w + 1
k
)1/2
da

 . (4.1)
In (4.1) we have assumed the simpler potential (3.28) for C = 0 since for C 6= 0 the integral
is not analytic. Such an integral can of course be integrated numerically.
Making the substitution a2 = x˜, we have
P ≃ exp

−K0
ℏ
x˜∫
0
x˜
1
2
(3n−q)
(
Λ(w + 1)
2n+ 3(w + 1)
x˜− 3w + 1
2n+ 3w + 1
k
)1/2
dx˜

 . (4.2)
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0.5 1.0 1.5 2.0
a
-40
-20
20
UHaL
n= 1, q=0
n=0, q= -1
n= 0, q= 0 standard
varying G only
varying c only
Figure 1. The potential (3.28) in minisuperspace for dust w = 0 and Λ = 1 models which allow the
tunneling of the universe from a = 0 to a = at. Three cases are shown: the standard one with the
cosmological term only (cf. refs. [36, 37]) and with no variation of c and G (solid blue line); the varying
c model (dotted line), and the varying G model (dashed line). The zero (3.29) of the potential (3.28)
does not depend on the variability of G, but varying G makes the potential less steep near to a = 0
and rises the height of the barrier. In varying c models the height of the barrier and the size of the
created universe are smaller than in the standard case.
0.5 1.0 1.5 2.0
a
-20
-10
10
20
30
UHaL
n= 1, q=0
n=0, q= -1
n= 0, q= 0 standard
varying G only
varying c only
Figure 2. The potentials (3.28) in minisuperspace for radiation w = 1/3 and Λ = 1 models which
allow the tunneling of the universe from a = 0 to a = at. Three cases are shown: the standard one
with the cosmological term only (cf. refs. [36, 37]) and with no variation of c and G (solid blue line);
the varying c model (dotted line), and the varying G model (dashed line). As in ﬁgure 1 the zero
of the potential (3.29) does not depend on the variability of G, but varying G makes the potential
smoother near to a = 0 and rises the height of the barrier. In varying c models the height of the
barrier is higher and the size of the created universe is smaller than in the standard case.
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0.5 1.0 1.5
a
-20
-10
10
UHaL
n=0, q= -1
n= 1, q=0
SC + matter
SC, no matter
varying c only
varying G only
Figure 3. The potential (3.26) in minisuperspace for w = 0, and Λ = 1 models. Four cases are shown:
the standard one with the cosmological term only (cf. refs. [36, 37]) for C = 0 and no variation of
c and G (solid line); the standard Λ-term model with C = 0.35 and dust w = 0 (dot-dashed lines);
the varying c model (dashed line); and the varying G model (dotted line). It is interesting that for
varying c, the potential is always negative which means that there are no classically forbidden regions
for U > 0, while for the standard C 6= 0 case it has two classically allowed regions: one which is
oscillating (the universe starts from a singularity expands and reaches maximum, then recollapses)
and another which is asymptotic (starts from a ﬁnite size and then expands forever). This implies a
possibility for the universe to tunnel at the maximum expansion point to an asymptotic regime (to
an asymptotic model to the Einstein static universe).
0.5 1.0 1.5 2.0
a
-30
-20
-10
10
UHaL
n=0, q= -1
n= 1, q=0
SC + matter
SC, no matter
varying c only
varying G only
Figure 4. The potential (3.26) in minisuperspace for C = 0.35, w = 1/3, and Λ = 1 models. Four
cases are shown: the standard one with the cosmological term only (cf. refs. [36, 37]) for C = 0 and
no variation of c and G (solid line); the standard Λ-term model (dot-dashed line); the varying c model
(dashed line); and the varying G model (dotted line). For a standard pure radiation and Λ model
there is also a classically allowed region near a = 0.
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0 1 2 3
n
0.2
0.4
0.6
0.8
1.0
PHnL
w= 1
w= 13
w= 0
-0.2 -0.1 0.0 0.1 0.2
n
0.02
0.04
0.06
0.08
0.10
PHnL
w= 1
w= 13
w= 0
Figure 5. The probability of tunneling (4.5) for varying c minisuperspace models with k = +1,
q = 0, Λ = 5, and ℏ = G0 = c0 = 1. Three cases are shown: dust (w = 0), radiation (w = 1/3),
and stiﬀ-ﬂuid (w = 1). The probability of tunneling for the negative values for the parameter n
(diminishing speed of light c) is very small (below) in comparison to its positive values, where it rises
sharply and then asymptotes to one (above). The probability is smallest for the stiﬀ ﬂuid though it
asymptotes towards one, too.
Putting x˜ = x˜0x, where
x˜0 =
k(3w + 1)(2n+ 3w + 3)
Λ(2n+ 3w + 1)(w + 1)
(4.3)
one has
P ≃ exp

−K0
ℏ
√∣∣∣∣ 3w + 12n+ 3w + 1k
∣∣∣∣ x˜ 12 (3n−q+2)0
1∫
0
x
1
2
(3n−q)(1− x)1/2dx

 , (4.4)
with an additional condition that 3n + 2 > q. which after using the deﬁnition of Beta and
Gamma functions [46] gives the tunneling probability
P ≃ exp
[
−K0
ℏ
√∣∣∣∣ 3w + 12n+ 3w + 1k
∣∣∣∣x˜ 12 (3n−q+2)0 B
(
1
2
(3n+ 2− q), 3
2
)]
≃ exp
[
−K0
ℏ
√∣∣∣∣ 3w + 12n+ 3w + 1k
∣∣∣∣x˜ 12 (3n−q+2)0
√
π
2
Γ
(
1
2(3n+ 2− q)
)
Γ
(
1
2(3n+ 5− q)
)
]
. (4.5)
We present the plots for the probability of tunneling (4.5) of the universe “from nothing”
(a = 0) to a Friedmann universe with some value of the scale factor at for varying c and G
models in ﬁgures 5 and 6. The probability of tunneling is very small for negative values of
the parameter n which corresponds to decreasing speed of light c, reaches the value of about
0.015 for n = 0 and further increases up to one for positive values of the parameter n which
corresponds to increasing speed of light c. The plot in ﬁgure 5 shows that the claim of ref. [21]
that the probability of tunneling was largest for a constant value of the speed of light (n = 0)
was true only if one admitted the decrease of the speed of light (n < 0) which was based
on the ﬁrst observations of the variability of the ﬁne structure constant α ∝ c−1 [22, 23].
However, in view of new observational results both the decrease and the increase of c are
reported [24, 25], so that one should not restrict oneself to such a case only. As we see from
ﬁgure 5, for speed of light increasing, the probability of tunneling is monotonically increasing
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Figure 6. The probability of tunneling (4.5) for varying G minisuperspace models with k = +1,
n = 2, Λ = 2, and ℏ = G0 = c0 = 1. Three models are shown: dust (w = 0), radiation (w = 1/3), and
stiﬀ-ﬂuid (w = 1). The probability of tunneling for the negative values of the parameter q is larger
than for its positive values where it drops to zero for a certain value of q.
RADIATION
STANDARD
DUST
2 4 6 8 10
L
0.2
0.4
0.6
0.8
1.0
PHLL
Figure 7. The probability of tunneling (4.5) versus the cosmological constant Λ with k = +1 and
ℏ = G0 = c0 = 1. The lowest solid blue line is for the standard cosmological term minisuperspace
potential only (cf. refs. [36, 37]). The dark lines are for radiation (lower ones) and red lines are for
dust (higher ones). The dashed lines are for varying c only (n = 1, q = 0), while the dotted lines are
for both c and G arying models (n = 1, q = −1). The probability is highest for dust and also it is
larger for both c and G varying.
either, and no maximum appears. On the other hand, from ﬁgure 6 we conclude that the
probability of tunneling for the negative values of the parameter q (diminishing gravitational
constant G or weakening of gravity) is larger than for its positive values, where it drops to
zero for a certain value of q. For stiﬀ-ﬂuid, the probability is suppressed both for positive
values of q as well as for its large negative values.
In ﬁgure 7 the probability of tunneling is plotted against the cosmological constant.
From the plot we conclude that the probability of tunneling is growing proportionally to the
value of the (positive) cosmological constant and that its growth is higher if one of the types
of matter (dust, radiation) are present. Also, it is clear that both the variability of c and
G rise the probability of tunneling under the speciﬁc choice of the parameters of our model
(n = 1, q = −1).
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5 Conclusions
We have discussed quantum cosmology of varying speed of light c and varying gravitational
constant G theories with matter terms and including the cosmological constant. We followed
the standard canonical quantization approach and after detailed discussion of the action and
boundary terms for such theories we obtained the corresponding Wheeler-DeWitt equation.
We have found that most of the varying c andGminisuperspace potentials are of the tunneling
type. This allowed us to use WKB approximation of quantum mechanics to calculate the
probability of tunneling of the universe “from nothing” i.e. from the initial singular state
at a = 0 to a Friedmann universe with isotropic geometry characterized by some ﬁxed
value of the scale factor at. We have obtained that the probability of tunneling depends on
both c and G being not constant. In fact, it is large for growing c models and is strongly
suppressed for diminishing c models. On the other hand, the probability of tunneling is
large for gravitational constant G decreasing (i.e. for weaker gravity), while it is small for G
increasing. In general, the variability of c and G inﬂuences the probability of tunneling as
compared with the standard matter content universe models.
An interesting feature of varying speed of light cosmology is that the probability of
tunneling depends directly on the matter content through the dissipative terms on the right-
hand side of the conservation equation (2.6) despite the fact that the form of the Einstein
equations is not changed (which is a consequence of the fact that one makes speciﬁc variation
of the gravitational action which is valid only in a special frame). In our model this means
that the integration constant C is zero in such a case. Obviously, if the speed of light is
constant c˙ = 0, then n = 0 in (2.7) and we get the standard quantum cosmology case.
However, for C 6= 0 the matter content enters the minisuperspace potential in a standard
way and we have the probability of tunneling inﬂuenced by the matter content both ways:
by the dissipative terms and by the standard ﬁeld equations.
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